Cuscuton and low energy limit of Hof ava-Lifshitz gravity 
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A proposal for a power-counting renormalizable theory of quantum gravity at a Lifshitz point was 
recently put forth by Hof ava Q , and has been since dubbed as Hof ava-Lifshitz gravity. The theory 
explicitly breaks Lorentz invariance, which introduces an apparent extra scalar degree of freedom. In 
this note, we show that the low energy limit of (non-projectible) Hofava-Lifshitz gravity is uniquely 
given by the quadratic cuscuton model: a covariant scalar field theory with an infinite speed of 
sound and a quadratic potential, which is minimally coupled to Einstein gravity. This implies that 
the extra scalar is non-dynamical to all orders in perturbation theory. Using current cosmological 
constraints on the quadratic cuscuton model, we can constrain the low energy Lorentz breaking 
parameter of Hofava-Lifshitz theory (which leads to a running of Planck mass on the Hubble scale) 
to A — I < 0.014 (at 95% confidence level). We also point out that, with reasonable boundary 
conditions, the spatial hypersurfaces in this theory are constant mean curvature (CMC) or uniform 
expansion surfaces at low energies, and introduce geometrical symmetries that can protect the non- 
dynamical nature of these theories from quantum corrections. We also notice that the theory with 
A < I might suffer from a non-perturbative UV instability. 



I. INTRODUCTION 

A consistent quantization of the theory of gravity has 
been among the biggest challenges in theoretical physics 
over the past century. An intriguing possibility that 
might explain why a satisfactory solution to this problem 
has evaded physicists for so long is that Lorentz symme- 
try, which is the benchmark of Einstein's theory of rel- 
ativity, is only a low-energy emergent phenomenon, and 
the fundamental theory has a preferred reference frame. 
An explicit example of this possibility is a power-counting 
renormalizable theory of gravity which includes higher 
spatial (but not time) derivatives of the 3-curvature ten- 
sor Q (also see ^ |3|). The theory does not suffer from 
any ghosts (at least in its tensor degrees of freedom) , but 
at the expense of maximal breaking of Lorentz symme- 
try (or the so-called z — 3 Lifshitz point) at high ener- 
gies. The remaining symmetries of the theory are only ar- 
bitrary spatial diffeomorphisms and (space-independent) 
time reparametrizations. 

In this note, we show that the low-energy limit of the 
Hofava-Lifshitz theory reduces to Einstein's gravity, min- 
imally coupled to cuscuton field theory: a scalar field 
theory with an infinite speed of sound and a quadratic 
potential 0, [5) . The scalar field is non-dynamical and the 
theory has a large class of geometric symmetries that can 
protect this behavior from quantum corrections. This 
sheds new light onto Lorentz-violating UV-completions 
of the theory of gravity, that do not have new dynamical 
degrees of freedom or ghost-like catastrophes. 



II. EQUIVALENCE OF CUSCUTON AND 
HORAVA-LIFSHITZ GRAVITIES 



Within the reduced symmetry class of the theory, 
the most general low-energy limit of (non-projectible) 



Hofava-Lifshitz gravity action is particularly interesting: 
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where Seh is the Einstein-Hilbert action of General Rel- 
ativity, while K is the mean extrinsic curvature of con- 
stant time hypersurfaces in the Hofava-Lifshitz theory, 
i.e. in a general coordinate system we have: 



(2) 



where ip is the coordinate time in the preferred frame of 
the Hofava-Lifshitz theory. Therefore, the correction to 
Einstein-Hilbert action at low energies is given by: 
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where we introduce the non-dynamical auxiliary field ip, 
and used integration by parts to put V M on p in the first 
term go). 

Now, let us turn to the quadratic cuscuton action H: 



d 4 xy^g {^j? \J d v pd v p — ^m 2 p 2 ^j 
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where fj, and m are constants of the theory. This can 
be easily generalized to general potentials by replacing 
m 2 p 2 /2 with an arbitrary V(p). Introducing the auxil- 
iary fields v v and a, we can re-write this action as: 
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We thus see that the low-energy Hofava-Lifshitz and 



quadratic cuscuton actions are the same, S\ — S qc if: 
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However, there is a subtlety in this equivalence: the 
gradient (or irrotational) condition of Eq. (^) which en- 
sures that the vector field threads a space-time foliation is 
enforced at the action level in the Hofava-Lifshitz theory 
(Eq. ||), but it is only realized at the level of equations 
of motion that follow from Eq. (|J). As a result, extrem- 
izing Sqc is a sufficient (but not necessary) condition to 
extremize S\ . Nevertheless, since the vector field v* 1 is 
non-dynamical, one expects the solutions to be the same 
with appropriate boundary conditions. 

To see this explicitly, we can compare the equations of 
motion, while varying actions (^) and (JsJ) with respect to 
the vector fields. For S qc , varying with respect yields: 



oc d^p, 



(8) 



which, given that has unit norm, fixes it completely. 
On the other hand, varying S\ with respect to ip yields: 



g {d a i>d a i>)- 1/2 (g^-u^)d u p> =0, (9) 



where oc d^ip. While u M oc d^p solves this equation, 
it is clearly not the only possible solution. However, no- 
tice that if we use the Hofava-Lifshitz preferred reference 
frame (or uniform ip gauge), Eq. (|^) reduces to a lin- 
ear 2nd order elliptical equation for ip with only spatial 
derivatives: 

d t {M ij d jV >) = 0, (10) 
if we set got = 0, where 

M ij = >/=s(a a ^0a^r 1/ V i . (11) 

Similar to the Laplace equation, the solutions to tp are 
thus fixed by boundary conditions at spatial infinity. In 
particular, a uniform p [or equivalently p = f(ip)] at spa- 
tial infinity leads to completely uniform p on constant ip 
surfaces. Since, this constraint does not involve any time 
derivatives, it can be equally enforced at the classical and 
quantum level. 

To summarize, as long as the constraint oc d„p — 
dpS v u v [ pi) is enforced at spatial infinity, the quadratic 
cuscuton and low energy Hofava-Lifshitz theories are 
equivalent. We should point out that this is naturally 
realized for solutions that asymptote to FRW cosmolog- 
ical geometries at spatial infinity. Now, varying S qc with 
respect to p , we recover the equation of motion for low 
energy Hof ava-Lifshitz/cuscuton theories: 
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III. CMC GAUGE AND COSMOLOGY 

We should note that the condition it M oc d^ v u" for 
normal vectors to constant ip surfaces implies that the 
mean extrinsic curvature K — V ' v u v is uniform on these 
surfaces. Therefore, as long as A ^ 1, the preferred gauge 
in the low energy Hofava-Lifshitz (and cuscuton) theories 
are constant mean curvature (CMC) surfaces. Since K = 
V v u v is also the local expansion rate of the cuscuton 
fluid, this is also known as the uniform expansion gauge. 

Using this equivalence, we can further use the cosmo- 
logical constraints on the quadratic cuscuton model to 
constrain the parameter A. It was shown in [^, || that 
the quadratic cuscuton model causes an effective mis- 
match between the infrared (super-horizon) and ultravi- 
olet (sub-horizon) Planck masses: 
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where M p .uv = (87rGiv) -1 ^ 2 is the reduced Planck mass 
on sub-horizon scales. This mis-match causes anoma- 
lous growth/decay of perturbations during the mat- 
ter era, which can be tested by comparing large scale 
structure with the cosmic microwave background (CMB) 
anisotropies, or through the early Integrated Sachs- Wolfe 
effect in the CMB. |l finds the cosmological constraints 
on this phenomenon for the quadratic cuscuton model, 
which yields: 



A- 1 = 0.003 ±0.014 (95% CL). 



(14) 



A weaker version of this constraint, based on big bang nu- 
cleosynthesis predictions for primordial abundances, was 
already found in . 



IV. GEOMETRIC SYMMETRIES AND LACK 
OF DYNAMICS 

The infinite speed of sound for the cuscuton theory 
implies that the linear perturbations of the field around 
any uniform background: Tr(x\t) = p(x l ,t) — (pit), cou- 
pled to external fields Jix l ,t) (such as metric), satisfy a 
non-dynamical equation (e.g. H) of the form: 



g ij 'ViVjTT + 0(tt 2 ) = Jix\t), 



(15) 



Therefore, 7r(x%t) can be solved as a (non-local but si- 
multaneous) function of J(a; 1 , t) (and spatial boundary 
conditions) perturbatively, to any order, independent of 
initial conditions. In particular, no (ghost or tachyonic) 
dynamical instability can exist for the n field, at least at 
the perturbative level. 

The case of cuscuton in 1 + 1 dimensional Minkowski 
space is particularly instructive, as Lorentzian CMC 
surfaces are hyperbolae. Therefore, any 1-d family of 
non-intersecting hyperbolae can describe the constant-^ 



3 



c 
c 



CO 




c 
c 



Q. 



FIG. 1: A cartoon of constant field hypersurfaces of cuscu- 
ton in a fixed space-time. As we argue in the text, different 
surfaces are decoupled in the action, and are thus fixed by 
boundary conditions at spatial infinity. 



curves in a classical solution to the cuscuton field equa- 
tion, where tp is the extrinsic curvature of the hyperbola. 
A cartoon of this is shown in Fig. (|l|) which shows that 
fixing the two ends of a constant (/^-surface (say at spatial 
infinities) fixes the entire surface. 

Is there a well-defined initial value problem for the cus- 
cuton field theory? As we argued above, any fluctuations 
around uniform tp(t) backgrounds remain non-dynamical 
in perturbation theory, order by order. Nevertheless, for 
a general space-time foliation, the equation of motion 
(O) has 2nd order time derivatives, and thus appears to 
be dynamical. This is only an illusion, as for any ini- 
tial surface [e.g. the dashed line in Fig. (|l|)], there is a 
non-local constraint that relates tp and tp at two differ- 
ent points on the surface. In other words, fixing initial tp 
and tp at one point in space fixes the constant-^ hyper- 
bola, which in turn sets these values where the hyperbola 
re-intersects the initial surface. 

What we conclude from this discussion is that cuscu- 
ton initial conditions on a general initial surface should 
satisfy a (generally) non-local constraint, in order to 
lead to a consistent future evolution (at least for a fi- 
nite time). Therefore, the theory is still globally non- 
dynamical, even though it may locally appear dynamical 
in a general gauge. In other words, a local canonical for- 
mulation of field theory is non-existent for this theory, 
which manifests itself as a degenerate (i.e. zero-volume) 
canonical phase space of linear fluctuations around con- 
stant field surfaces. We should point out that neglecting 
this non-local constraint has led others to infer insta- 
bilities/ghosts, or inconsistencies in the Hofava-Lifshitz 



theory (e.g. [g[ |0| |T^]). However, neglecting the grav- 
itational backreaction, a classical solution to the scalar 
field equation is as simple as finding the CMC foliation 
of the spacetime, which is a generally well-defined pro- 
cedure. We should note that after solving for the scalar 
constraint, the remaining metric degrees of freedom will 
obey a non-local dynamical equation of motion. 

Another source of confusion has been linear perturba- 
tion theory around (flat foliation of) Minkwoski space 
(e.g. [g, ||, @). Flat foliation of Minkowski space 
is not a classical background solution to the cuscuton 
equation of motion, which invalidates any perturbation 
theory around it for A ^ 0. This is similar to the case of 
degenerate perturbation theory in quantum mechanics, 
as the A — 1 term (as well as the higher derivative terms) 
breaks the foliation independence of the Einstein-Hilbert 
action. 

We will next introduce a geometric symmetry principle 
that can protect this non-dynamical nature in the UV 
completion of cuscuton/Hofava-Lifshitz theories. Let us 
consider the infinitesimal field transformations: 



Stp = a^d^fitp), 



(16) 



where f(tp) is an arbitrary function of tp and is a vector 
field that satisfies: 



= S^^VV = 0, 



(17) 



i.e. the divergence of a M , as well as the divergence of its 
projection onto constant tp surfaces vanish. The change 
in the quadratic cuscuton action, after some integration 
by parts, takes the form: 



SSqc — J d i xy/ — g x 



A* f'{tp)\/^a" {d^tpdutp - g^d a tpd a tp) 
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which vanishes up to surface terms if we use (|l7|), where 



h(tp) = m 2 f'{tp)tpdtp 



(19) 



Therefore, the cuscuton action is invariant under the 
transformations ([l6]) for any f(tp), and a large class of 
a'"s (e.g. any constant a' 1 in a Minkowski space-time). 
These symmetries are unique to the cuscuton (and by 
extension to Hofava-Lifshitz) action(s), and can protect 
the low energy theory from higher derivative terms that 
could make tp dynamical. 

There is a deeper geometric meaning to the symmetries 
jltf), which are equivalent to coordinate transformations: 



Sx^ = a"f'{tp). 



(20) 



The fact that f'(tp) is an arbitrary function of tp is a 
consequence of the fact that both actions are a sum over 
the geometric functions of constant tp surfaces: 

S qc ,HL = S E h + J dp flqcML^io-i, tp)}, (21) 
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where x M (cr l , ip) characterize the constant tp surfaces with 
a spatial parametrization a 1 . For example, Q qc is a linear 
combination of area (or 3- volume) T,(ip) and 4- volume 
V(<p) of the constant <p surface Q|: 



% c [x^{<7 ll tp)] = Ai 2 sgn((^)E(^) + m 2 ipV(tp) 



A- 1 
8ttGn 



[sgn(^)S(^) + <pV(<p)] 



(22) 



where m 2 ip can be replaced by V'(ip) for a more general 
potential. Most significantly, there is no coupling be- 
tween different ip surfaces (for fixed background metric), 
which, as we discussed above, implies that minimizing 
action fixes each surface for a given metric and given 
boundary conditions at spatial infinity, independent of 
other surfaces or initial conditions of ip. 

The only exception to this statement is when differ- 
ent surfaces intersect (i.e. caustics form), which will sig- 
nify a breakdown of the low energy theory. One may 
speculate that gravitational backreaction would prevent 
these singularities in a UV-complete theory of quantum 
gravity. At the classical level, it was shown in Q that 
cosmological perturbations in ip remain small (or iden- 
tically the uniform expansion/CMC gauge remains well- 
defined), with possible exception of the vicinity of black 
hole horizons. 

Notice that there is also a close analogy between Eq. 
( p2| ) and the energy of soap bubbles/films, with the area 
and volume terms characterizing the surface tension and 
pressure difference between the two sides of the film, re- 
spectively This naturally explains the emergence of 
CMC surfaces as the extremum of the action. 

Let us now consider the non-perturbative stability of 
the system. Even though ip is non-dynamical, the space- 
time metric has dynamical degrees of freedom, which 
have a modified behavior due to coupling to cuscuton. 
While the GR Hamiltonian is non- negative pH] , the low 
energy Hamiltonian for the scalar field in an arbitrary 
coordinate system (but setting goi = 0) has the form: 



H x = 
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Although this is not a generic feature of cuscuton the- 
ories, we notice that the Hofava-Lifshitz Hamiltonian 
(with /i 2 = —to 2 ) is not positive definite. Therefore, 
coupling to positive energy sectors can potentially lead 
to non-perturbative instabilities. While A > 1 appears to 
yield a benign tachyonic negative energy, for A < 1 short 
wave length perturbations can have arbitrarily negative 



energies, which may signal a potential instability (also see 
|]l4j| ), although the non-dynamical nature of ip prevents 
a ghost-like degree of freedom. We should also point out 
that since this theory does not have an asymptotically 
flat space-time, the notion of energy/Hamiltonian may 
not be very helpful for analyzing the global stability of 
the system. 

Finally, we should point out that the decoupling of 
different (^-surfaces can be broken by the so-called pro- 
jectibility condition, that forces the proper time to ad- 
vance uniformly on constant-^ surfaces, or the Hofava- 
Lifshitz preferred frame. This constraint couples different 
surfaces, and thus can make the theory dynamical, lead- 
ing to caustics and possibly ghost /tachynoic instabilities 
(e.g. gc| |§, but also see @). 



V. CONCLUSIONS 

We have shown that at low energies, Hofava-Lifshitz 
theory of gravity is identical to Einstein's gravity plus 
cuscuton, a non-dynamical/incompressible scalar field 
theory. The Lorentz breaking of the low energy theory 
is constrained to less than 1.4%, based on cosmological 
observations. The non-dynamical nature of the scalar is 
maintained at the non-perturbative level, which stems 
from decoupling of constant <p surfaces in the cuscuton 
action, which breaks into sum of areas and volumes of 
these surfaces. Including higher order geometrical func- 
tionals of these surfaces (such as integrals of 3-curvature 
and its covariant derivatives), as proposed in the UV 
regime of the theory, does not change this decoupling, 
and thus the non-dynamical nature of the scalar sector. 
Nevertheless, coupling to a positive energy sector might 
lead to a non-perturbative UV instability for A < 1. 

Another important result of this geometrical picture 
is the natural emergence of CMC surfaces as the pre- 
ferred frame of Hofava-Lifshitz gravity at low energies. 
It is interesting to notice a possible connection with the 
emergence of the CMC gauge in the timeless formulation 
of spatially conformal gravity in |l8| . 
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